Abstract. We give a shorter and simpler proof of the result of [2], which gives a necessary and sufficient condition for when a lattice diagram is the projection of a lattice link.
Introduction
For n = 2, 3, let G n be the infinite graph with vertex set Z n ⊂ R n such that for each v, w ∈ Z n , vw is an edge of G n if and only if it has length 1. A lattice link is a link L ⊂ G 3 with one or more components. Much of the research on lattice links focuses on finding lattice stick numbers, the minimal number of line segments (possibly containing more than one edge) necessary to construct a link type as a lattice link [1, 3, 5, 6, 7] . One of the first results was that of Diao [3] , who proved that the lattice stick number of the trefoil is 12. Adams et al. [1] found lattice stick numbers for various knots and links, including all (p, p + 1)−torus knots. Hong, No and Oh [5] found all links with more than one component whose lattice stick numbers are at most 14. Lattice links have played an important role in simulating various circular molecules [8] . One way to describe a link is through a diagram, a projection in two dimensions with additional crossing information. In this article, we characterize those diagrams which represent projections of lattice links.
A lattice diagram is a subgraph D ⊂ G 2 such that every vertex of D has degree 2 or 4, and every vertex of degree 4 is endowed with over/under crossing information as in Figure 1 . Allardice and Bloch [2] showed that a lattice diagram is realizable if and only if it does not contain an Escher square. Here we give a shorter and simpler proof of their result.
Given a lattice diagram D, we construct an associated digraph as follows. Each edge of D is a vertex of Γ. If e and f are edges of D which meet at a crossing with e an understrand and f an overstrand, then Γ contains an edge directed from vertex e to vertex f , which we denote as ef . Figure 2 shows two lattice diagrams and their associated digraphs. An n-cycle in Γ is a sequence e 1 e 2 ...e n of distinct vertices of Γ such that e n e 1 and e i e i+1 are edges, for 1 ≤ i ≤ n − 1. A height function on Γ is an integer-value function h on the vertices of Γ such that for each edge ef , h(e) < h(f ). 
Conversely, suppose Γ is a digraph that has no cycles. Let S be the set of vertices v ∈ Γ such that no edge is oriented towards v. Since Γ has no cycles, the set S is non-empty. For each v ∈ S, let g(v) = 0. For each v / ∈ S, let g(v) be the length of the longest path from a vertex in S to v. Notice that all paths are simple since Γ has no cycles. Then, for each edge vw in Γ, g(v) < g(w) since if v 0 v 1 ....v n is a path with v 0 in S, v n = v, and n = g(v), then v 0 v 1 ....v n w is a path from v 0 to w, which implies g(w) ≥ g(v) + 1. So g is a height function on Γ. Proof. We say two edges in G 2 are aligned if they are opposite edges in some unit square in G 2 . See Figure 3(a) . Let Γ be the digraph associated with a lattice diagram D. Suppose e 1 e 2 ...e n is a cycle in Γ, n > 4. Then for some k, 1 ≤ k ≤ n, e k and e k+2 are aligned (where e n+1 := e 1 and e n+2 := e 2 ), since otherwise, up to reflection and rotation, the edges of D corresponding to this cycle would have to look as in Figure 3(b) ; but this would contradict the assumption that e 1 and e n meet at a crossing. So, without loss of generality, suppose that e 1 and e 3 are aligned. Then, up to rotation and reflection, D contains the picture in Figure 3 (c). In this figure, since e n meets e 1 as an understrand, so must f . Also, since e 3 meets e 4 as an understrand, e 3 must meet f as an understrand as well. So e 1 e 2 e 3 f is a 4-cycle in Γ.
